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ENERGY PROPERNESS AND SASAKIAN-EINSTEIN METRICS
XI ZHANG
Abstract. In this paper, we show that the existence of Sasakian-Einstein
metrics is closely related to the properness of corresponding energy functionals.
Under the condition that admitting no nontrivial Hamiltonian holomorphic
vector field, we prove that the existence of Sasakian-Einstein metric implies a
Moser-Trudinger type inequality. At the end of this paper, we also obtain a
Miyaoka-Yau type inequality in Sasakian geometry.
1. Introduction
An odd dimensional Riemannian manifold (M, g) is said to be a Sasakian man-
ifold if the cone manifold (C(M), g˜) = (M × R+, r2g + dr2) is Ka¨hler. In this
paper, we suppose that dimM = 2m + 1. Furthermore, Sasakian manifold (M, g)
is said to be Sasakian-Einstein if the Ricci tensor of g satisfies the Einstein condi-
tion. It is well known that the Ka¨hler cone (C(M), g˜) must be a Calabi-Yau cone
if (M, g) is a Sasakian-Einstein manifold. Recently, Sasakian-Einstein metrics have
attract increasing attention, as they provide rich source of constructing new Ein-
stein manifolds in odd dimensions and its important role in the superstring theory,
see references [5, 6, 7, 8, 9, 10, 11, 16, 17, 18, 19, 12, 15, 21, 22, 23, 24, 36].
Sasakian manifolds can be studied from many view points as they have many
structures. A Sasakian manifold (M, g) has a contact structure (ξ, η,Φ), and it
also has a one dimensional foliation Fξ, called the Reeb foliation. Here, the Killing
vector field ξ is called the characteristic or Reeb vector field, η is called the contact
1-form, Φ is a (1, 1) tensor field which defines a complex structure on the contact
sub-bundle D = kerη. In the following, a Sasakian manifold will be denoted by
(M, ξ, η,Φ, g), the quadruple (ξ, η,Φ, g) will be called by a Sasakian structure on
manifold M . In a natural way, a Sasakian structure (ξ, η,Φ, g) induce a transverse
holomorphic structure and a transverse Ka¨hler metric on the foliation Fξ. In this
paper, we may change Sasakian structure, but always fix the Reeb vector field ξ
and the transverse holomorphic structure on Fξ.
Fixed a transverse holomorphic structure on Fξ, we have a splitting of the
complexification of the bundle ∧1B(M) of basic one forms on M , ∧1B(M) ⊗ C =
∧1,0B (M) ⊕ ∧0,1B (M), and then we have the decomposition of d, i.e. d = ∂B + ∂¯B.
We have the basic cohomology groups Hi,jB (M,Fξ) which enjoy many of the same
properties as the Dolbeault cohomology of a Ka¨hler structure. We also have the
transverse Chern-Weil theory and can define the basic Chern classes cBk (M,Fξ).
For the detail, see [8]. Given a transverse Ka¨hler structure gT , one can define
the transverse Levi-Civita connection ∇T on the normal bundle ν(Fξ) = TM/Lξ,
and then one can define the transverse Ricci curvature RicT , see section 2 for
details. We denote the related Ricci form by ρT , it is easy to see that ρT is a
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closed basic (1, 1)-form and the basic cohomology class 12π [ρ
T ]B = c
B
1 (M,Fξ) is
the basic first Chern class. A Sasakian metric (ξ, η,Φ, g) is said to be transversely
Ka¨hler-Einstein if it’s transverse Ricci form satisfies ρT = µdη. It’s easy to see
that a Sasakian metric (ξ, η,Φ, g) is Sasakian-Einstein then it must be transversely
Ka¨hler-Einstein and ρT = (m+1)dη. So, a necessary condition for the existence of
Sasakian-Einstein metric on M is that there exists a Sasakian structure (ξ, η,Φ, g)
such that 2πcB1 (M,Fξ) = (m+ 1)[dη]B .
Given a Sasakian structure (ξ, η,Φ, g) onM , Let’s denote the space of all smooth
basic real function ϕ (i.e. ξϕ ≡ 0) on (M, ξ, η,Φ, g) by C∞B (M, ξ). Set
H(ξ, η,Φ, g) = {ϕ ∈ C∞B (M, ξ) : ηϕ ∧ (dηϕ)n 6= 0},(1.1)
where
ηϕ = η +
√−11
2
(∂¯B − ∂B)ϕ, dηϕ = dη +
√−1∂B ∂¯Bϕ.(1.2)
For any ϕ ∈ H, (ξ, ηϕ,Φϕ, gϕ) is also a Sasakian structure on M , where
Φϕ = Φ− ξ ⊗ (dcBϕ) ◦ Φ, gϕ =
1
2
dηϕ ◦ (Id⊗ Φϕ) + ηϕ ⊗ ηϕ.(1.3)
Furthermore, (ξ, ηϕ,Φϕ, gϕ) and (ξ, η,Φ, g) have the same transversely holomorphic
structure on ν(Fξ) and the same holomorphic structure on the cone C(M) (Propo-
sition 4.2 in [15], also [8] ). Obviously, those deformations of Sasakian structure
deform the transverse Ka¨hler form in the same basic (1, 1) class. We call this class
the basic Ka¨hler class of the Sasakian manifold (M, ξ, η,Φ, g).
As in the Ka¨hler case, one can define Aubin’s functionals Idη, Jdη, Ding and
Tian’s energy functional Fdη, and Mabuchi’s K-energy functional Vdη on the space
H(ξ, η,Φ, g), see section 3 for details. We say the energy functional Fdη (or Vdη)
is proper if lim supi→+∞ Fdη(ϕi) = +∞ whenever limi→+∞ Jdη(ϕi) = +∞, where
ϕi ∈ H(ξ, η,Φ, g). We say two Sasakian structures are compatible with each other
if they have the same Reeb vector field and the same transverse holomorphic struc-
ture.
In Ka¨hler geometry, Tian [33] have show that the existence of Ka¨hler-Einstein
metric is equivalent with the properness of F energy functional on a compact Ka¨hler
manifold with positive Chern class and without any nontrivial holomorphic fields.
In this paper, under the condition that without nontrivial Hamiltonian holomorphic
vector field (see section 2 for details), we generalize Tian’s result in [33] to the
Sasakian case. In fact, we obtain the following theorem.
Main Theorem Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ) and without any nontrivial Hamiltonian holomorphic vector field.
Then M has a Sasakian-Einstein structure compatible with (ξ, η,Φ, g) if and only if
the functional Fdη (or the K-energy functional Vdη) is proper in the space H(ξ, η,Φ, g).
We will follow Tian’s method, and the discussion in [26] by Phong, Song, Strum
and Weinkove. It’s easy to see that if a Sasakian structure (ξ′, η′,Φ′, g′) is com-
patible with (ξ, η,Φ, g), then we have [dη′]B = [dη]B ∈ H1,1B (Fξ), by transverse ∂∂¯
lemma ([14]), there exists a basic function ϕ ∈ H(ξ, η,Φ, g) such that
dη′ = dη + ddcBϕ, and η
′ = η + dcBϕ+ ζ(1.4)
where ζ is closed basic one form, dcB =
√−1
2 (∂¯B − ∂B). So, the existence problem
of Sasakian-Einstein metric compatible with (ξ, η,Φ, g) can be reduced to solving
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the following transverse Monge-Ampe`re equation,
(dη +
√−1∂B∂Bϕ)m ∧ η
(dη)m ∧ η = exp(hdη − (m+ 1)ϕ),(1.5)
where ϕ ∈ H(ξ, η,Φ, g) and hdη is a smooth basic function which satisfies ρT =
(m+1)dη+
√−1∂B ∂¯Bhdη and
∫
M
exp(hdη)(dη)
m∧η = ∫
M
(dη)m∧η = V . In order
to use the continuity method, we consider the following family of equations
(dη +
√−1∂B∂Bϕ)m ∧ η
(dη)m ∧ η = exp(hdη − t(m+ 1)ϕ),(1.6)
where t ∈ [0, 1]. By El-Kacimi’s ( [14]) generalization of Yau’s estimate ([35])
for transverse Monge-Ampe`re equations, to solve the transverse Monge-Ampe`re
equation (1.5), it is sufficient to obtain a priori uniform C0 estimate of solution ϕ
of the transverse Monge-Ampe`re equation (1.6). Different than the Ka¨hler case, the
transverse Monge-Ampe`re equation (1.6) only give bounds on the transverse Ricci
curvature which does not lead a lower bound of the Ricci curvature by a positive
constant. So, we can not apply the Myers theorem directly to obtain an estimate
on the diameter and the lower bound of the Green’s function. It’s pointed out by
Sekiya ([28]), through D-homothetic deformation of Sasakian structure, one can get
the desired estimates in the Sasakian case. In section 4 (theorem 4.3), we show that
the properness of energy functional Fdη (or the K-energy functional Vdη) implies
the C0 estimates, and so we get a existence result for Sasakian-Einstein metric.
To prove the existence of Sasakian-Einstein metric implies the properness of en-
ergy functional, we use the backward continuity method. In order to apply the
implicity function theorem at time t = 1, we should consider the eigenspace corre-
sponding to the eigenvalue−4(m+1) of the basic Laplacian of the Sasakian-Einstein
metric. Thanks to A. Futaki, H. Ono and G. Wang’s result [15], we know that the
above eigenspace is not empty if and only if there exists a nontrivial Hamilton-
ian holomorphic vector field. In section 6 (theorem 6.1), under the condition that
without nontrivial Hamiltonian holomorphic vector field, we obtain the following
Moser-Trudinger inequality on Sasakian-Einstein manifold (M, ξ, ηSE ,ΦSE , gSE),
i.e. there exist uniform positive constants C1, C2, such that
FdηSE (ϕ) ≥ C1JdηSE(ϕ) − C2,(1.7)
for all ϕ ∈ H(ξ, ηSE ,ΦSE , gSE). In view of the cocycle identity of Fdη and prop-
erties of Jdη (see section 3, lemma 3.1 and lemma 3.2), the inequality holds for
every Sasakian structure (ξ, η,Φ, g) which compatible with the Sasakian-Einstein
structure (ξ, ηSE ,ΦSE , gSE). On the other hand, the relation (3.25) implies that
the Moser-Trudinger type inequality (1.7) also be valid for the K-energy Vdη.
Given a Sasakian structure (ξ, η,Φ, g) on M with 2πcB1 (M) = (m + 1)[dη]B,
we denote S(ξ, J¯) to be the set of all Sasakian structures which compatible with
(ξ, η,Φ, g). By definition 2.6 and proposition 2.7, it’s easy to see that the integral∫
M
(2cB2 (M,Fξ)−
m
m+ 1
cB1 (M,Fξ)2) ∧
(12dη
′)m−2
(m− 2)! ∧ η
′(1.8)
is independent of the choice of a Sasakian structure (ξ, η′,Φ′, g′) ∈ S(ξ, J¯). By
direct calculation, see lemma 7.2, if there exists a Sasakian-Einstein structure ( or
equivalently a Sasakian structure with constant scalar curvature)in S(ξ, J¯), then
the integral (1.8) must be nonnegative, this inequality will be called a Miyaoka-Yau
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type inequality. In section 7, we discuss this Miyaoka-Yau type inequality under
a more weak condition, and show that the energy function Fdη (or Mabuchi’s K-
energy Vdη) bounded below will implies this weak condition, see theorem 7.3 and
proposition 7.5 for details.
This paper is organized as follows. In Section 2, we will recall some preliminary
results about Sasakian geometry. In section 3, we introduce energy functionals
in Sasakian geometry. In section 4, we consider the transverse Monge-Ampe`re
equation, and give a existence result of Sasakian-Einstein metric. In section 5, we
use the Sasakian-Ricci flow to get a smoothing lemma. In section 6, we give a
proof of the Moser-Trudinger type inequality (1.7), and finish the proof of the main
theorem. In the last section, we obtain a Miyaoka-Yau type inequality in Sasakian
geometry.
2. Preliminary Results in Sasakian geometry
2.1. Transverse Ka¨hler structure. Let (M, ξ, η,Φ, g) be a 2m+ 1-dimensional
Sasakian manifold, and let Fξ be the characteristic foliation generated by ξ. Firstly,
Let us recall that a Sasakian structure induce a transverse Ka¨hler structure on the
foliation Fξ. A transverse holomorphic structure on Fξ is given by an open covering
{Ui}i∈A of M and local submersion fi : Ui → Cn with fibers of dimension 1, (the
leaves of the foliation Fξ|Uj on Uj coincide with the fibers of the map fi, leave is the
image of the flow of ξ), such that for i, j ∈ A there is a holomorphic isomorphism
θij of open sets of C
n such that fi = θij ◦ fj on Ui ∩ Uj .
In order to consider the deformations of Sasakian structures, we consider the
quotient bundle of the foliation Fξ, ν(Fξ) = TM/Lξ. The metric g gives a bundle
isomorphism σ between ν(Fξ) and the contact sub-bundle D = Kerη, where σ :
ν(Fξ)→ D defined by
σ([X ]) = X − η(X)ξ.
By this isomorphism, Φ|D induces a complex structure J¯ on ν(Fξ). Since the
Nijenhuis torsion tensor of Φ satisfies
NΦ(X,Y ) = −dη(X,Y )⊗ ξ.
So, (ν(Fξ), J¯) ∼= (D,Φ|D) gives Fξ a transverse holomorphic structure. Then
(D,Φ|D, dη) gives Fξ a a transverse Ka¨hler structure with transverse Ka¨hler form
1
2dη and metric g
T defined by gT (·, ·) = 12dη(·,Φ·).
In the following we say that a Sasakian structure (ξ, η′,Φ′, g′) have the same
transverse holomorphic transverse structure with that of (ξ, η,Φ, g), means that it
satisfies
J¯ ◦ πν = πν ◦ Φ′(2.1)
where πν is the projection πν : TM → ν(Fξ).
Definition 2.1. We define S(ξ, J¯) to be the set of all Sasakian structures which
have the same Reeb vector field and the same transverse holomorphic structure with
(ξ, η,Φ, g), i.e. all Sasakian structures which compatible with (ξ, η,Φ, g).
Definition 2.2. Fixed a transverse holomorphic structure (ν(Fξ), J¯) on the
characteristic foliation Fξ. A complex vector field X on M is called a transverse
holomorphic vector field if it satisfies:
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(1) π[ξ,X ] = 0;
(2) J¯(π(X)) =
√−1π(X);
(3) π([Y,X ])−√−1J¯π([Y,X ]) = 0, ∀Y satisfying J¯π(Y ) = −√−1π(Y ),
where π is the projection π : TM → ν(Fξ). Given a transverse Ka¨hler form dη. Let
ψ be a complex valued basic function, then there is a unique vector field Vdη(ψ) ∈
Γ(T cM) satisfies: (1)J¯(π(Vdη(ψ))) =
√−1π(Vdη(ψ)); (2) ψ =
√−1η(Vη(ψ)); (3)
∂¯Bψ = −
√−1
2 dη(Vη(ψ), ·). The vector field Vη(ψ) is called the Hamiltonian vector
field of ψ corresponding to the transverse Ka¨hler form dη. A complex vector field
X on M is called a Hamiltonian holomorphic vector field if it is transverse holo-
morphic and is the Hamiltonian vector field of some complex valued basic function
ψ corresponding to some transverse Ka¨hler form dη.
Remark 2.3. By the definition, cξ is a Hamiltonian holomorphic vector
field for any constant c. In this paper, without nontrivial Hamiltonian holomorphic
vector field means that any Hamiltonian holomorphic vector field must be 0 or cξ.
Given a Sasakian structure (ξ, η,Φ, g), we might identity D with ν(Fξ) by the
isomorphism. However, it’s better to distinguish them, since under the deformations
of Sasakian structure, the contact sub-bundle D changes, while ν(Fξ) keeps fixed.
But for simplicity of notation, we will use the same notation if there is no confusion,
especially if we do not consider deformations. From the transverse Ka¨hler structure
(D,Φ|D, dη), one can define the transverse Levi-Civita connection ∇T on D by
∇TXY =
{
(∇XY )p, X ∈ D,
[ξ, Y ]p, X = ξ,
(2.2)
where ∇ is the Levi-Civita connection with respect to the Riemannian metric g,
Y is a section of D and Xp the projection of X onto D. It is easy to check that
the transverse Levi-Civita connection is torsion-free and metric compatible. The
transverse curvature tensor and transverse Ricci curvature are defined by
RT (V,W )Z = ∇TV∇TWZ −∇TW∇TV Z −∇T[V,W ]Z,(2.3)
RicT (X,Y ) =< RT (X, ei)ei, Y >g,(2.4)
where ei is an orthonormal basis of D, X,Y, Z ∈ D and V,W ∈ TM . We also have
the following relations between the transverse curvature tensor and the Riemann
curvature tensor (see [10])
RT (X,Y )Z = R(X,Y )Z− < R(X,Y )Z, ξ > ξ
− < ∇Y Z, ξ > Φ(X)+ < ∇XZ, ξ > Φ(Y )+ < [X,Y ], ξ > Φ(Z),(2.5)
and
RicT (X,Y ) = Ric(X,Y ) + 2gT (X,Y ),(2.6)
for X,Y, Z ∈ D. The transverse Ricci form defined as following
ρT (X,Y ) = RicT (ΦX,Y ).(2.7)
Definition 2.4. A Sasakian manifold (M, ξ, η,Φ, g) is said to be transversely
Ka¨hler-Einstein if
RicT = µgT , or ρT = µ(
1
2
dη)
for some constant c.
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A Sasakian manifold (M, ξ, η,Φ, g) is called a Sasakian-Einstein manifold if g is
a Riemannian Einstein metric, i.e. Ricg = cg for some constant c. It is easy to
see that a Sasakian-Einstein must be transversely Ka¨hler-Einstein, the constant c
must be 2m, and
RicT = (2m+ 2)gT , or ρT = (m+ 1)dη.(2.8)
2.2. Basic cohomology. A p-form θ on Sasakian manifold (M, ξ, η,Φ, g) is called
basic if
iξθ = 0, Lξθ = 0,(2.9)
where iξ is the contraction with the Killing vector field ξ, Lξ is the Lie derivative
with respect to ξ. Basic cohomology was introduced by Reinhart in [27]. We begin
with a brief review following [34]. It is easy to see that the exterior differential
preserves basic forms. Namely, if θ is a basic form, so is dθ. Let ∧pB(M) be the
sheaf of germs of basic p-forms and ΩpB(M) = Γ(M,∧pB(M)) the set of all section
of ∧pB(M). The basic cohomology can be defined in a usual way (see [14]). Let DC
be the complexification of the sub-bundle D, and decompose it into its eigenspaces
with respect to Φ|D, that is
DC = D1,0 ⊕D0,1.(2.10)
Similarly, we have a splitting of the complexification of the bundle ∧1B(M) of basic
one forms on M ,
∧1B (M)⊗ C = ∧1,0B (M)⊕ ∧0,1B (M).(2.11)
Let ∧i,jB (M) denote the bundle of basic forms of type (i, j). Accordingly, we have
the following decomposition
∧pB (M)⊗ C = ⊕i+j=p ∧i,jB (M).(2.12)
Define ∂B and ∂B by
∂B : ∧i,jB (M)→ ∧i+1,jB (M);
∂B : ∧i,jB (M)→ ∧i,j+1B (M);
(2.13)
which is the decomposition of d. Let dcB =
1
2
√−1(∂B − ∂B) and dB = d|∧p
B
. We
have dB = ∂B + ∂B, dBd
c
B =
√−1∂B∂B, d2B = (dcB)2 = 0. The basic cohomology
groups Hi,jB (M,Fξ) are fundamental invariants of a Sasakian structure which enjoy
many of the same properties as the Dolbeault cohomology of a Ka¨hler structure
[8]. On Sasakian manifolds, the ∂∂-lemma holds for basic forms.
Proposition 2.5. ([14]) Let θ and θ′ be two real closed basic form of type (1, 1)
on a compact Sasakian manifold (M, ξ, η,Φ, g). If [θ]B = [θ
′]B ∈ H1,1B (M,Fξ), then
there is a real basic function ϕ such that
θ = θ′ +
√−1∂B∂Bϕ.
Consider the complex bundle (D,Φ|D) (or (ν(Fξ), J¯)) on a Sasakian manifold
(M, ξ, η,Φ, g). Let RmT be the transverse curvature with respect to the trans-
verse Levi-Civita connection ∇T . If we choose a local foliate transverse frame
(X1, · · · , Xm) on the bundle D, then RmT can be seen as a matrix valued 2-form
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(i.e. End(D)-valued). RmT is a basic (1, 1)-form. Let’s define the basic (k, k)-form
γk by the formula
det(Idm +
√−1
2π
RmT ) = 1 +
m∑
k=1
γk.(2.14)
Definition 2.6. γk is a closed basic (k, k)-form it represents an element in
Hk,kB (M,Fξ) that is called the basic kth Chern class and denoted by cBk (M,Fξ).
We have the following proposition.
Proposition 2.7. ([8], proposition 7.5.21)The basic Chern classes cBk (M,Fξ)
are independent of the choice of a Sasakian structure in S(ξ, J¯)
Let ρT = RicT (Φ·, ·) be the transverse Ricci form of the Sasakian structure
(ξ, η,Φ, g). ρT is a real closed basic (1, 1)-form and the basic cohomology class
1
2π [ρ
T ]B = c
B
1 (M,Fξ) is the basic first Chern class. We say that the basic first Chern
class of (M,Fξ) is positive (negative , null resp.) if it contains a positive (negative,
null resp. ) representation. By the definition and (2.8), a necessary condition for the
existence of Sasakian-Einstein metric (M, ξ, η,Φ, g) is 2πcB1 (M,Fξ) = (m+1)[dη]B.
On Sasakian manifold (M, ξ, η,Φ, g), the basic Laplacian is defined by
△Bψ = 4m
√−1∂B ∂¯Bψ ∧ (dη)m−1 ∧ η
(dη)m ∧ η ,(2.15)
for any basic function ψ. It is well known that the basic Laplacian is equal to the
restriction of the Riemannian Laplacian △g on basic functions, i.e △Bψ = △gψ for
any basic function ψ.
2.3. Transformations of Sasakian structures. Let (ξ, η,Φ, g) be a Sasakian
structure onM , for every real basic function ϕ ∈ H(ξ, η,Φ, g), we can obtain a new
Sasakian structure (ξ, ηϕ,Φϕ, gϕ). Here ηϕ,Φϕ, gϕ is defined as that in (1.2) and
(1.3). We know that the above deformations fix the Reeb vector field ξ and the
transverse holomorphic structure.
Let (ξ′, η′,Φ′, g′) be an another Sasakian structure which is compatible with
(ξ, η,Φ, g), then there exists a basic function ϕ ∈ H(ξ, η,Φ, g) such that dη′ =
dη + ddcBϕ and η
′ = η + dcBϕ + ζ, where ζ is closed basic one form. Since the
difference between η′ and η is a basic one form, it is easy to see that
(dη′)m ∧ η′ = (dη′)m ∧ η,(2.16)
and ∫
M
(dη′)m ∧ η′ =
∫
M
(dη)m ∧ η = V.(2.17)
In the following, ρTdη denotes the transverse Ricci form with respect to the transverse
Ka¨hler metric dη. In local foliation coordinates (x, z1, · · · , zm), we have
ρTdη = −
√−1∂B∂B log det((dη)ij¯).(2.18)
Globally, the difference between two transverse Ricci form can be expressed by
ρTdη − ρTdη′ =
√−1∂B∂B log((dη
′)m ∧ η′
(dη)m ∧ η ).(2.19)
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From the above formula, we know that to find a Sasakian-Einstein structure com-
patible with (ξ, η,Φ, g) is equivalent to solve the transverse Monge-Ampe`re equation
(1.5).
Let’s recall one class special deformations of Sasakian structure,
ξs = s
−1ξ, ηs = sη, Φs = Φ, gs = sg + s(s− 1)η ⊗ η,(2.20)
where s is constant. These were called D-homothetic deformations by Tanno [30].
These deformations do not deform the characteristic foliation and the contact bun-
dle D, but only rescale the Reeb field ξ and contact 1-form η. If (ξ, η,Φ, g) be a
transverse Ka¨hler Einstein Sasakian metric with positive transverse Ricci curvature,
i.e. RicTg = µg
T (Ric = (µ− 2)g + (2n+ 2 − µ)η ⊗ η)for positive constant µ ∈ R.
Then, by the D-homothetic transformation s = µ2(n+1) , we get a Sasakian-Einstein
metric (ξs, ηs,Φs, gs). Indeed, by the relation formula (2.15) in [30] , we have
Ricgs = Ricg − 2(s− 1)g + s−1(s− 1)(2(2n+ 1)s+ 2ns(s− 1))η ⊗ η
= {2n+ 2− µ+ s−1(s− 1)(2(2n+ 1)s+ 2ns(s− 1))}η ⊗ η
+(µ− 2− 2(s− 1))g
= µ−2s
s
{sg + s(s− 1)η ⊗ η} + ((2n+ 2)s2 − µs)η ⊗ η
= 2mgs.
(2.21)
Through Tanno’s D-homothetic transformation, one can prove the following
lemma. The proof can be found in [25] and [28], see also proposition 2.6 in [37].
Proposition 2.7. Let (M, ξ, η, g) be a 2m+ 1-dimensional compact Sasakian
manifold with RicT ≥ ǫgT . Suppose that φ ∈ C∞B (M) satisfies △gφ ≤ δ, then we
have
− inf
M
φ ≤ 1
V
∫
M
(−φ)(dη)m ∧ η + C(m)δ
ǫ
,(2.22)
where V =
∫
M
(dη)m ∧ η and constant C(m) depends only on m.
From the above proposition, it is easy to conclude the following corollary.
Corollary 2.8. Let (M, ξ, η, g) be a 2m + 1-dimensional compact Sasakian
manifold and ϕ ∈ H(ξ, η,Φ, g) be a potential function with RicT (dηϕ) ≥ ǫgTϕ . Then
we have
Osc(ϕ) ≤ Idη(ϕ) + C˜(m)
ǫ
+ C˜(M, g),(2.23)
where constant C˜(M, g) depends only on (M, g) and constant C˜(m) depends only
on m. To the definition of Idη, see section 3.
Proof. Using the fact △dηϕt ≥ −4m and the Green’s formula, we have
sup
M
ϕ ≤ 1
V
∫
M
ϕ(dη)m ∧ η + C˜(M, g).(2.24)
Then, by △dηϕϕ ≤ 4m and the above proposition, we have
Osc(ϕ) = supM ϕt − infM ϕt
≤ Idη(ϕ) + C˜(m)ǫ + C˜(M, g).
(2.25)
✷
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3. Energy functionals
Let (ξ, η,Φ, g) be a Sasakian structure on M . We consider following functionals
on H(ξ, η,Φ, g) which are analogous to the ones in Ka¨hler geometry.
Idη(ϕ) :=
1
V
∫
M
ϕ{(dη)m ∧ η − (dηϕ)m ∧ η}
Jdη(ϕ) :=
∫ 1
0
1
s
Idη(sϕ)ds,
F 0dη(ϕ) := Jdη(ϕ) − 1V
∫
M
ϕ(dη)m ∧ η
Fdη(ϕ) := F
0
dη(ϕ)− 1m+1 log{ 1V
∫
M
ehdη−(m+1)ϕ(dη)m ∧ η}
(3.1)
where V =
∫
M
(dη)m ∧ η, and hdη is a smooth basic function which satisfies ρT =
(m+ 1)dη +
√−1∂B ∂¯Bhdη and
∫
M
exp(hdη)(dη)
m ∧ η = V . Noting that g(Φ·, ·) =
1
2dη, when ϕ ∈ C∞B (M) we have
m
√−1∂B ∂¯Bϕ ∧ (dη)m−1 ∧ η = 1
4
△ϕ(dη)m ∧ η,(3.2)
where △ is the Laplace of the metric g. Let ϕs be a smooth curve in H, by direct
calculation, we have
d
ds
Idη(ϕs) =
1
V
∫
M
ϕ˙s{(dη)m − (dηϕs)m} ∧ η
− 14V
∫
M
ϕs△ϕsϕ˙s(dηϕs)m ∧ η,
(3.3)
d
ds
Jdη(ϕs) =
1
V
∫
M
ϕ˙s{(dη)m − (dηϕs)m} ∧ η,(3.4)
d
ds
F 0dη(ϕs) = −
1
V
∫
M
ϕ˙s(dηϕs)
m ∧ η,(3.5)
and
d
ds
Fdη(ϕs) = − 1V
∫
M
ϕ˙s(dηϕs)
m ∧ η
+(
∫
M
ehdη−(m+1)ϕ(dη)m ∧ η)−1 ∫
M
ϕ˙se
hdη−(m+1)ϕ(dη)m ∧ η,(3.6)
where ϕ˙s =
d
ds
ϕs and △ϕs is the Laplace corresponding with the metric gϕs . From
(3.6), it is easy to that the critical points of Fdη are transverse Ka¨hler-Einstein
metrics.
The following properties can be proved by a similar method as in the Ka¨hler
case (see [4], [32], [25], [28]).
Proposition 3.1. Let C be a constant, then
Idη(ϕ+ C) = Idη(ϕ), Jdη(ϕ+ C) = Jdη(ϕ), Fdη(ϕ+ C) = Fdη(ϕ).(3.7)
Idη, Idη − Jdη, Jdη are non-negative functionals on H(ξ, η,Φ, g), and we have
Idη(ϕ) ≤ (m+ 1){Idη(ϕ)− Jdη(ϕ)} ≤ mIdη(ϕ).(3.8)
Let ϕt be a family of basic functions in H, then
d
dt
{Idη(ϕt)− Jdη(ϕt)} = −1
4V
∫
M
ϕt(△t d
dt
ϕt)(dηϕt)
m ∧ η,(3.9)
where △t is the Laplacian corresponding to the metric gϕt . Fdη satisfies the follow-
ing cocycle property, i.e.
Fdη(ψ) + Fdη′(φ− ψ) = Fdη(φ),(3.10)
and
Fdη(ψ) = −Fdη′(−ψ)(3.11)
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for all φ, ψ ∈ H(ξ, η,Φ, g) and dη′ = dη +√−1∂B∂Bψ. We also have the cocycle
condition for F 0dη.
Lemma 3.2. Let (ξ, η,Φ, g) and (ξ, η′,Φ′, g′) are two Sasakian structures with
the same transverse holomorphic structure on M , and assume that dη = dη′ +√−1∂B ∂¯Bφ for some basic function φ. Then, we have
|Idη′(ϕ+ φ) − Idη(ϕ)| ≤ (m+ 1)Osc(φ)(3.12)
for all ϕ ∈ H(ξ, η,Φ, g).
Proof. By definition, we have
V (Idη′(ϕ+ φ)− Idη(ϕ))
=
∫
M
ϕ((dη′)m − (dη)m) ∧ η + ∫
M
φ((dη′)m − (dηϕ)m) ∧ η,(3.13)
where dηϕ = dη +
√−1∂B ∂¯Bϕ. On the other hand, By direct calculation, we have
| ∫
M
ϕ((dη′)m − (dη)m) ∧ η|
= | ∫
M
ϕ(−√−1∂B ∂¯Bφ) ∧ (
∑m−1
j=0 (dη
′)j ∧ (dη)m−j−1) ∧ η|
= | ∫
M
φ(−√−1∂B ∂¯Bϕ) ∧ (
∑m−1
j=0 (dη
′)j ∧ (dη)m−j−1) ∧ η|
= | ∫
M
φ(dη − dηϕ) ∧ (
∑m−1
j=0 (dη
′)j ∧ (dη)m−j−1) ∧ η|
≤ mVOsc(φ)
(3.14)
and
|
∫
M
φ((dη′)m − (dηϕ)m) ∧ η| ≤ V Osc(φ).(3.15)
Then (3.13), (3.14) and (3.15) imply (3.12).
✷
Let ρTϕ denote the transverse Ricci form of the Sasakian structure (ξ, ηϕ,Φϕ, gϕ).∫
M
ρTϕ ∧ (dηϕ)m ∧ ηϕ is independent of the choice of ϕ ∈ H(ξ, η,Φ, g) (e.g., Propo-
sition 4.4 in [15]). This means that
S¯ =
∫
M
STϕ (dηϕ)
m ∧ ηϕ∫
M
(dηϕ)m ∧ ηϕ =
∫
M
2mρTϕ ∧ (dηϕ)m−1 ∧ η∫
M
(dηϕ)m ∧ η ,(3.16)
depends only on the basic Ka¨hler class. As in the Ka¨hler case (see [20]), we can
define the Mabuchi’s K-energy on the space H(ξ, η,Φ, g).
Definition 3.3. Let ϕ′ and ϕ′′ are two basic functions in H(ξ, η,Φ, g), we
define
M(ϕ′, ϕ′′) := − 1
V
∫ 1
0
∫
M
ϕ˙t(S
T
t − S¯)(dηt)m ∧ η dt,(3.17)
where ϕt (t ∈ [0, 1]) be a path in H connecting ϕ′ and ϕ′′, ϕ˙t = ∂∂tϕt, STt is the
transverse scalar curvature to the Sasakian structure (ξ, ηϕt ,Φϕt , gϕt) and S¯ is the
average defined as in (3.16). We also define
Vdηϕ′ (ϕ) :=M(ϕ′, ϕ′ + ϕ)(3.18)
for any ϕ ∈ H(ξ, ηϕ′ ,Φϕ′ , gϕ′).
By Theorem 4.12 in [15] (or lemma 11 in [19]), we know that M is independent
of the path ϕt, and so M is well defined. Furthermore, M satisfies the following
cocycle condition, i.e.
M(ϕ0, ϕ1) +M(ϕ1, ϕ0) = 0,(3.19)
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M(ϕ0, ϕ1) +M(ϕ1, ϕ2) +M(ϕ2, ϕ0) = 0.(3.20)
and
M(ϕ1 + C′, ϕ2 + C′′) =M(ϕ1, ϕ2)(3.21)
for any ϕi ∈ H(ξ, η,Φ, g) and C′, C′′ ∈ R. Following Ding [13], we also have the
following relation between the functionals Vdη and Fdη.
Remark: By the definitions and the above properties, it is easy to see that the
functionals Fdη and Vdη can also be defined on the space S(ξ, J¯).
Lemma 3.4. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with 2πcB1 (M) =
(m+ 1)[dη]B , then
Vdη(φ) − 2(m+ 1)Fdη(φ)
= 2
V
∫
M
hdη(dη)
m ∧ η − 2
V
∫
M
hdηφ(dηφ)
m ∧ η(3.22)
for any φ ∈ H(ξ, η,Φ, g), where hdη and hdηφ are the normalized Ricci potential
functions with respect to dη and dηφ.
Proof. Let φt be a path connecting 0 with φ, by the definition, we have
Vdη(φ) = − 1V
∫ 1
0
∫
M
φ˙t(S
T
t − 2m(m+ 1))(dηt)m ∧ η dt
= − 2m
V
∫ 1
0
∫
M
φ˙t(ρ
T
t − (m+ 1)dηt)(dηt)m−1 ∧ η dt
= − 2m
√−1
V
∫ 1
0
∫
M
φ˙t∂B ∂¯B(hdη − (m+ 1)φt
− log (dηt)m∧η(dη)m∧η )(dηt)m−1 ∧ η dt
= − 2
V
∫ 1
0
∫
M
(hdη − (m+ 1)φt − log (dηt)
m∧η
(dη)m∧η )
∂
∂t
((dηt)
m ∧ η) dt
= −2(m+ 1)(Idη − Jdη)(φ) + 2V
∫
M
hdη(dη
m − dηmφ ) ∧ η
+ 2
V
∫
M
log
(dηφ)
m∧η
(dη)m∧η (dηφ)
m ∧ η.
(3.23)
On the other hand, it is easy to check that
− log (dηφ)
m ∧ η
(dη)m ∧ η − (m+ 1)φ+ c = hdηφ − hdη,(3.24)
where c = − log( 1
V
∫
M
ehdη−(m+1)φdηm ∧ η). Then
Vdη(φ) = 2(m+ 1)Jdη(φ) − 2(m+1)V
∫
M
φdηm ∧ η + 2c
+ 2
V
∫
M
hdη(dη)
m ∧ η − 2
V
∫
M
hdηφ(dηφ)
m ∧ η
= 2(m+ 1)Fdη(φ) +
2
V
∫
M
hdη(dη)
m ∧ η − 2
V
∫
M
hdηφ(dηφ)
m ∧ η.
✷
By the normalization
∫
M
exp(hdηφ)(dηφ)
m∧η = V , we known that ∫
M
hdηφ(dηφ)
m∧
η ≤ 0, then we have the following corollary.
Corollary 3.5. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with
2πcB1 (M) = (m+ 1)[dη]B, then
Vdη(φ) ≥ 2(m+ 1)Fdη(φ) + 2
V
∫
M
hdη(dη)
m ∧ η(3.25)
for any φ ∈ H(ξ, η,Φ, g).
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4. transverse Monge-Ampe`re equation
Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with 2πcB1 (M) = (m+1)[dη]B.
Given any ϕ ∈ H(M, ξ, η,Φ, g), we have a new Sasakian structure (ξ, ηϕ,Φϕ, gϕ). It
is easy to check that dηϕ is Sasakian-Einstein if and only if ϕ satisfies the following
equation
√−1∂B∂B log((dηϕ)
m ∧ η
(dη)m ∧ η ) =
√−1∂B∂B(hdη − (m+ 1)ϕ),(4.1)
which is equivalent to the transverse Monge-Ampe`re equation (1.5). As in Ka¨hler
case, we consider a family of equations (1.6). We set
S = {t ∈ [0, 1]|(1.6) is solvable for t}.(4.2)
By [14], we know that (1.6) is solvable for t = 0. The openness of S was proved
in [28](Proposition 5.3) and [25](Proposition 4.4) in a similar way as that in [1]. S
is not empty. In order to use the continuity method to solve (1.5), we only need
to prove the closedness of S. By El-Kacimi’s ( [14]) generalization of Yau’s esti-
mate ([35]) for transverse Monge-Ampe`re equations, the C0-estimate for solutions
of (1.6) implies the C2,α-estimate for them, and the transverse elliptic Schauder
estimates give higher order estimates. Therefore it suffices to estimate C0-norms
of the solutions of (1.6). We list the following proposition for further discussion,
the proof can be found in [28](proposition 5.3) and [25](proposition 4.4), see also
proposition 4.2 in [37].
Proposition 4.1. Let 0 < τ ≤ 1, and suppose that (1.6) has a solution ϕτ at
t = τ . If 0 < τ < 1, then there exists some ǫ > 0 such that ϕτ uniquely extends to
a smooth family of solution {ϕt} of (1.6) for t ∈ (0, 1) ∩ (τ − ǫ, τ + ǫ). S is also
open near t = 0, i.e. there exists a small positive number ǫ such that there is a
smooth family solution of (1.6) for t ∈ (0, ǫ). If (M, ξ, η,Φ, g) admits no nontrivial
Hamiltonian holomorphic vector field, ϕ1 can also be extended uniquely to a smooth
family of solution {ϕt} of (1.6) for t ∈ (1− ǫ, 1].
As in [4], we have the following lemma, the proof can be found in [37] (lemma
4.3), see also lemma 4.9 in [25] and lemma 5.4 in [28].
Lemma 4.2. Let {ϕt} be a smooth family of solution of (1.6) for t ∈ (0, 1],
then
d
dt
(Idη − Jdη)(ϕt) ≥ 0.(4.3)
Now, we consider the existence problem of Sasakian-Einstein metrics. We prove
the following theorem.
Theorem 4.3. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ). If Fdη (or Vdη) is proper in the space H(ξ, η,Φ, g), then there must
exists a Sasakian-Einstein metric compatible with (ξ, η,Φ, g) .
Proof. By Proposition 4.1, we can suppose that there exists a smooth family
of solution {ϕt} of (1.6) for t ∈ (0, τ) with some τ ∈ (0, 1). From the equation (1.6),
we know that △tϕt ≤ 4m and ρTdηt ≥ t(m+ 1)dηt. By proposition 2.7, we have
1
V
∫
M
ϕt(dηϕ)
m ∧ η ≤ infMϕt + C1(m)
t
.(4.4)
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where positive constant C1(m) depends only on m. Using the fact △dηϕt ≥ −4m
and the Green formula, we have
sup
M
ϕt ≤ 1
V
∫
M
ϕt(dη)
m ∧ η + C2(4.5)
where C2 is a positive constant depends only on the geometry of (M, g). By the
normalization, it’s easy to check that supM ϕt ≥ 0 and infM ϕt ≤ 0. Then
‖ϕt‖C0 ≤ supM ϕt − infM ϕt
≤ Idη(ϕt) + C1(m)t + C2.
(4.6)
By (3.8) and (4.3), we have
Idη(ϕt1 ) ≤ (m+ 1)(Idη − Jdη)(ϕt2 )(4.7)
for any 0 < t1 ≤ t2 < τ . Combining (4.6) and (4.7), we get
t‖ϕt‖C0 ≤ t0(m+ 1)(Idη − Jdη)(ϕt0 ) + C3(4.8)
for any 0 < t ≤ t0 < τ , where C3 is a positive constant depends only on the
geometry of (M, g). So, we obtain an uniform bound on | (dη+
√−1∂B∂Bϕt)m∧η
(dη)m∧η | for
0 < t ≤ t0 < τ . By El-Kacimi’s ( [14]) generalization of Yau’s C0 estimate ([35])
for transverse Monge-Ampe`re equations, there exists an uniform constant C4 such
that
‖ϕt‖C0 ≤ C4(4.9)
for 0 < t ≤ t0 < τ .
Differentiating (1.6) with respect to t, we have
1
4
△tϕ˙t = −t(m+ 1)ϕ˙s − (m+ 1)ϕt.(4.10)
Using (3.5) and (4.10), we have
d
dt
(tF 0dη(ϕt)) = F
0
dη(ϕt)− tV
∫
M
ϕ˙t(dηϕ)
m ∧ η
= Jdη(ϕt)− 1V
∫
M
ϕt(dη)
m ∧ η − t
V
∫
M
ϕ˙t(dηϕ)
m ∧ η
= −(Idη(ϕt)− Jdη(ϕt)) ≤ 0.
(4.11)
By the uniform C0 estimate (4.9), it is easy to check that
tF 0dη(ϕt)→ 0(4.12)
as t→ 0. So, from (4.11), we have
Fdη(ϕt) ≤ − 1m+1 log{ 1V
∫
M
ehdη−(m+1)ϕ(dη)m ∧ η}
≤ (1−t)
V
∫
M
ϕt(dηϕ)
m ∧ η,(4.13)
where we have used the concavity of the logrithmic function. From (4.13) and (4.4),
we have
Fdη(ϕt) ≤ (1 − t)
t
C1(m).(4.14)
By (4.14) and (4.6), the properness of Fdη implies that Jdη(ϕt), and consequently,
‖ϕt‖C0 is uniformly bounded for t ∈ [ǫ, τ). Therefore, the equation (1.5) can be
solved, i.e. there is a Sasakian-Einstein metric on M .
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For the K-energy case. It is easy to see that, along the solutions of (1.6), we
have
STt = 2(m+ 1)(m−
(1− t)
4
△ϕtϕt),(4.15)
and
Vdη(ϕt) = −2(m+ 1)(Idη − Jdη)(ϕt) + 2V
∫
M
hdηdη
m ∧ η
− 2t(m+1)
V
∫
M
ϕt(dηϕt)
m ∧ η.(4.16)
Then, by (3.9) and (3.17), we have
d
dt
Vdη(ϕt) = − 1V
∫
M
ϕ˙t(S
T
t − S¯)(dηt)m ∧ η
= 2m+2
V
∫
M
ϕ˙t
(1−t)
4 △ϕtϕt(dηt)m ∧ η
= 2(m+ 1)(t− 1) d
dt
((Idη − Jdη)(ϕt)).
(4.17)
From (4.16) and (4.17), we have
d
dt
(
t
V
∫
M
ϕt(dηϕt)
m ∧ η + t(Idη − Jdη)(ϕt)) = (Idη − Jdη)(ϕt).(4.18)
Noting that t
V
∫
M
ϕt(dηϕt)
m ∧ η + t(Idη − Jdη)(ϕt) → 0 as t → 0. The identity
(4.18) implies that
1
V
∫
M
ϕt(dηϕt)
m ∧ η + (Idη − Jdη)(ϕt) ≥ 0,(4.19)
and
Vdη(ϕt) ≤ −2(m+ 1)(1− t)(Idη − Jdη)(ϕt) + 2V
∫
M
hdηdη
m ∧ η
≤ 2
V
∫
M
hdηdη
m ∧ η.(4.20)
Then the properness of Vdη implies that Jdη(ϕt), and consequently, ‖ϕt‖C0 is uni-
formly bounded for t ∈ [ǫ, τ). Therefore, the equation (1.5) can also be solved.
✷
Proposition 4.4. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ). If Vdη(or Fdη) is bounded from below in the space H(ξ, η,Φ, g), then
there exists a smooth family of solution {ϕt} of (1.6) for t ∈ (0, 1).
Proof. By corollary 3.5, it is sufficient to prove the K-energy case. We prove
it by contradiction. Let τ < 1 be the maximal number such that there exists a
smooth family of solution {ϕt} of (1.6) for t ∈ (0, τ). By (4.17), we have
(Idη − Jdη)(ϕt) =
∫ t
t0
1
2(m+1)(t−1)
d
ds
Vdη(ϕs) + (Idη − Jdη)(ϕt0 )
≤ 11−τ (Vdη(ϕt0)− inf Vdη(ϕ)) + +(Idη − Jdη)(ϕt0),
(4.21)
where 0 < t0 < τ . Since Vdη is bounded from below, then (Idη − Jdη)(ϕt) is
bounded uniformly from above for 0 < t < τ , and consequently, ‖ϕt‖C0 is uniformly
bounded for t ∈ [t0, τ). So the equation (1.6) can also be solved at τ , this gives a
contradiction.
✷
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5. Smoothing by the Sasakian-Ricci flow
In this section, we use the Sasakian-Ricci flow to get a smoothing lemma. As a
natural analogue of the Ka¨hler-Ricci flow, the Sasakian-Ricci flow was introduced
in [29]. Now, we consider the following Sasakian-Ricci flow
∂v
∂s
= log
(dη˜0 +
√−1∂B∂Bv)m ∧ η˜0
(dη˜0)m ∧ η˜0 + (m+ 1)v − hdη˜0 ,(5.1)
with v|s=0 ≡ 0. The long-time existence had been proved in [29]. In the following,
for simplicity, we will denote the transverse Ka¨hler form dη˜0 +
√−1∂B∂Bv by dη˜s,
and we will use a subscript s to indicated objects that are defined with respect to
the transverse Ka¨hler metric dη˜s. As that in [3], we have the following lemma.
Lemma 5.1. The following inequalities
‖∂v
∂s
‖C0 ≤ e(m+1)s‖hdη˜0‖C0,(5.2)
sup
M
(|hdη˜s |2 +
s
2
|dhdη˜s |2s) ≤ 4e2(m+1)s‖hdη˜0‖2C0 ,(5.3)
e−(m+1)s△shdη˜s ≥ △0hdη˜0 ,(5.4)
hold for all s ≥ 0.
Proof. Differentiating the Sasakian-Ricci flow equation (5.1) gives
∂
∂s
v˙ =
1
4
△sv˙ + (m+ 1)v˙,(5.5)
the maximum principle implies (5.2). By direct calculation, we have
∂
∂s
|dv˙|2s =
1
4
△s|dv˙|2s −
1
2
|∇sdv˙|2s + (m+ 1)|dv˙|2s.(5.6)
From (5.5) and (5.6), we have
(
∂
∂s
− 1
4
△s)(v˙2 + s
2
|dv˙|2s) ≤ 2(m+ 1)(v˙2 +
s
2
|dv˙|2s),(5.7)
and the maximum principle implies that
sup
M
(v˙2 +
s
2
|dv˙|2s) ≤ e2(m+1)s‖hdη˜0‖2C0.(5.8)
By the equation (5.1), it is easy to check that
hdη˜s = −v˙ + cs(5.9)
for some constant cs with c0 = 0. From the normalization condition the Ricci
potential function and (5.1), we have∫
M
e−(m+1)v+hdη˜0+cs(dη˜0)m ∧ η˜0 =
∫
M
ehdη˜s (dη˜s)
m ∧ η˜s = V,(5.10)
and then
|cs| ≤ (m+ 1)‖v‖C0 ≤ e(m+1)s‖hdη˜0‖C0 .(5.11)
So, (5.8) and (5.11) imply (5.3).
By direct calculation, one can check that
(
∂
∂s
− 1
4
△s)(△sv˙) = (m+ 1)△sv˙ − |∂B ∂¯B v˙|2s,(5.12)
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and then the maximum principle implies the inequality (5.4).
✷
Lemma 5.2. Let vt,s be a solution of (5.1) with dη˜0 = dηϕt . Let h˜ =
hdη˜1 − 1V
∫
M
hdη˜1(dη˜1)
m ∧ η˜1 and assume that
1
2
dηSE ≤ dη˜1 ≤ dηSE .(5.13)
Then for any p > 2m + 1, there exist positive constant C¯1 depending only on
(M, gSE) and p such that
‖h˜‖C0 ≤ C¯1(1− t)
1
p−1 ‖hdη˜0‖
p−2
p−1
C0
.(5.14)
Proof. (5.3) implies that ‖h˜‖C0 ≤ 4em+1‖hdη˜0‖C0 . By the initial condition
dη˜0 = dηϕt , we have ρ
T (dη˜0) ≥ t(m+ 1)dη˜0, and △0hdη˜0 ≥ 4m(m+ 1)(t − 1). By
(5.4), we have
−△1hdη˜1 ≤ 4em+1m(m+ 1)(1− t).(5.15)
Integrating by parts, we have∫
M
|dh˜|21(dη˜1)m ∧ η˜1 = −
∫
M
h˜△1h˜(dη˜1)m ∧ η˜1
≤ ∫
M
(h˜− inf h˜) supM (−△1h˜)(dη˜1)m ∧ η˜1
≤ 2V ‖h˜‖C0 supM (−△1h˜)
≤ C¯2(1 − t)‖h˜‖C0 ,
(5.16)
where C¯2 depends only on the dimension of M . Since h˜ be a basic function, by
condition (5.13), we have
|dh˜|2SE ≤ 2|dh˜|21(5.17)
Let p > 2m + 1, by the Sobolev imbedding theorem (Lemma 2.22 of [2]), the
Poincare´ inequality and (5.3), we have
‖h˜‖p
C0
≤ C¯3(
∫
M
|h˜|p + |dh˜|pSE(dηSE)m ∧ ηSE)
≤ C¯4‖hdη˜0‖p−2C0 (
∫
M
|h˜|2 + |dh˜|2SE(dηSE)m ∧ ηSE)
≤ C¯5‖hdη˜0‖p−2C0 (
∫
M
|dh˜|2SE(dηSE)m ∧ ηSE)
≤ C¯6‖hdη˜0‖p−2C0 (
∫
M
|dh˜|21(dη˜1)m ∧ η˜1),
(5.18)
where constants C¯i depends only on (M, gSE) and p. Then (5.16) and (5.18) imply
(5.14), and we are finished.
✷
Lemma 5.3. Let vt,s be a solution of (5.1) with initial data dη˜0 = dηϕt , and
ut = vt,1. We have the inequality
‖ut‖C0 ≤
1
m+ 1
em+1‖hdηϕt‖C0(5.19)
for all t ∈ [0, 1]. Moreover, assume that 12dηSE ≤ dηϕt+ut ≤ dηSE for all t ∈ [t1, 1],
where t1 ∈ [0, 1). Then for any p > 2m+ 1 and 0 ≤ k < 1, there exists a constant
C¯7 depending only on (M, gSE) and p such that
‖hdηϕt+ut ‖C0,k(dηSE) ≤ C¯7(1− t)1−β(1 + ‖hdηϕt‖C0)β(5.20)
for all t ∈ [t1, 1], where β = p+k−2p−1 .
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Proof. From (5.2), it follows that |∂vt,s
∂s
| ≤ e(m+1)s‖hdηϕt‖C0 , and integrating
from 0 to 1, we obtain the inequality (5.19).
In the following, let d(x, y) be the distance between x and y with respect to the
metric gSE. Since hdηϕt+ut is a basic function, by the condition
1
2dηSE ≤ dηϕt+ut ≤
dηSE , we have
|dhdηϕt+ut |dηSE ≤
√
2|dhdηϕt+ut |dηϕt+ut .
If d(x, y) ≤ (1− t) 1p−1 (1 + ‖hdηϕt‖C0)−
1
p−1 , by (5.3) in lemma 5.1, we have
|hdηϕt+ut (x) − hdηϕt+ut (y)| ≤ d(x, y) supM |dhdηϕt+ut |dηSE
≤ √2d(x, y) supM |dhdηϕt+ut |dηϕt+ut
≤ 4√2em+1d(x, y)(1 + ‖hdηϕt‖C0)
≤ 4√2em+1(1− t) 1−kp−1 (1 + ‖hdηϕt‖C0)
p+k−2
p−1 d(x, y)k.
(5.21)
If d(x, y) ≥ (1 − t) 1p−1 (1 + ‖hdηϕt‖C0)−
1
p−1 , then the estimate (5.14) in lemma 5.2
implies
|hdηϕt+ut (x)− hdηϕt+ut (y)| ≤ 2‖h˜‖C0
≤ 2C¯1(1− t)
1
p−1 (‖hdηϕt ‖C0)
p−2
p−1
≤ 2C¯1(1− t)
1−k
p−1 (1 + ‖hdηϕt‖C0)
p+k−2
p−1 d(x, y)k.
(5.22)
On the other hand, the integral normalization
∫
M
e
hdηϕt+ut (dηϕt+ut)
m ∧ η = V
implies hdηϕt+ut change signs, so we have
‖hdηϕt+ut ‖C0 ≤ Osc(hdηϕt+ut ) = Osc(h˜) ≤ 2‖h˜‖C0
≤ 2C¯1(1− t)
1
p−1 (‖hdηϕt‖C0)
p−2
p−1 .
(5.23)
It is easy to see that (5.21), (5.22) and (5.23) imply the estimate (5.20).
✷
Set α := 1− 14m+2 > 12 and define the function fdη by
fdη(t) := (1− t)1−α(1 + 2(1− t)‖ϕt‖C0)α.(5.24)
Discussing as that in [32], we have the following proposition.
Proposition 5.4. Suppose that (M, ξ, η,Φ, g) admits no non-trivial Hamilton-
ian holomorphic vector fields. Let ϕt be a smooth family of solutions of the equation
(1.6) for t ∈ (0, 1]. There exist a constant D > 0 depending only on (M, gSE) such
that
‖ϕ1 − ϕt‖C0 ≤ A(1 − t)‖ϕt‖C0 + 1(5.25)
for all t ∈ [t0, 1], where t0 ∈ [0, 1) satisfies fdη(t0) = max[t0,1] fdη = D and A
depending only on the dimension of M .
Proof. Let’s rewrite (1.6) as the following transverse Monge-Ampe`re equation
with dηSE as reference metric
(dηSE+
√−1∂B∂B(ϕt−ϕ1))m∧η
(dηSE)m∧η
= exp(−(m+ 1)(ϕt − ϕ1) + (1− t)(m+ 1)ϕt).
(5.26)
It is easy to see that hdηϕt = (t − 1)(m + 1)ϕt + ct, for some constant ct. The
integrate normalization of the Ricci potential function hdηϕt gives
V =
∫
M
(dηϕt)
m ∧ η = ∫
M
ehdηϕt (dηϕt)
m ∧ η
=
∫
M
e(t−1)(m+1)ϕt+ct(dηϕt)
m ∧ η,(5.27)
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from which it follows that
|ct| ≤ (m+ 1)(1− t)‖ϕt‖C0 ,(5.28)
and
‖hdηϕt‖C0 ≤ 2(m+ 1)(1− t)‖ϕt‖C0 .(5.29)
Then, lemma 5.3 implies that
‖ut‖C0 ≤ 2e(m+1)(1− t)‖ϕt‖C0 .(5.30)
Consider dηϕt+ut = dη+
√−1∂B ∂¯B(ϕt+ut) = dηSE +
√−1∂B ∂¯B(ϕt+ut−ϕ1),
and then
(dηSE+
√−1∂B∂B(ϕt+ut−ϕ1))m∧η
(dηSE)m∧η
= exp(−(m+ 1)(ϕt + ut − ϕ1)− hdηϕt+ut − c˜t)
(5.31)
for some constant c˜t. Setting ϕ˜t = ϕt + ut − ϕ1 + c˜tm+1 , from (5.31) and (5.30), we
have ∫
M
e
hdηϕt+ut (dηϕt+ut)
m ∧ η = ∫
M
e−(m+1)ϕ˜t(dηSE)m ∧ η
=
∫
M
e−(m+1)ϕ˜t+t(m+1)ϕt−(m+1)ϕ1(dηϕt)
m ∧ η
=
∫
M
e(t−1)(m+1)ϕt−(m+1)ut−c˜t(dηϕt)
m ∧ η,
(5.32)
and then
|c˜t| ≤ (1− t)(m+ 1)‖ϕt‖C0 + (m+ 1)‖ut‖C0
≤ (1− t)(m+ 1)(1 + 2e(m+1))‖ϕt‖C0 .(5.33)
Recall that ϕt − ϕ1 = ϕ˜t − ut − c˜tm+1 , from (5.30) and (5.33), we have
‖ϕt − ϕ1‖C0 = ‖ϕ˜t‖C0 + (1 − t)(4e(m+1) + 1)‖ϕt‖C0.(5.34)
From above, it will suffice to get the estimate ‖ϕ˜t‖C0 ≤ 1.
Let’s consider the following transverse Monge-Ampe`re equation
log{ (dηSE +
√−1∂B∂Bψ)m ∧ η
(dηSE)m ∧ η }+ (m+ 1)ψ = ψ˜.(5.35)
The linearization of the left side of (5.35) at ψ = 0 is
δψ 7→ 1
4
△SEδψ + (m+ 1)δψ,(5.36)
which is a transverse elliptic operator from Ci+2,kB (M) → Ci+2,kB (M) for any
0 < k < 1 and i ≥ 0. If M doesn’t have non-trivial Hamiltonian holomorphic
vector fields, by theorem 5.1 of [15], we have ker(14△SE + (m + 1)) = 0, then
the operator (14△SE + (m + 1)) : Ci+2,ǫB (M) → Ci+2,ǫB (M) is invertible. Applying
the implicit function theorem, there exist positive constants ǫ(dηSE) and C
∗(dηSE)
which depend only on k and the geometry of (M, gSE), so that
if ‖ψ˜‖C0,k ≤ ǫ(dηSE) then ‖ψ‖C2,k ≤ C∗(dηSE)‖ψ˜‖C0,k .(5.37)
Setting D = ǫ(m+1)
−α
2(C¯7+1)(C∗+1)(ǫ+1)
, where ǫ = ǫ(dηSE), C
∗ = C∗(dηSE) are chosen
as in (5.37), α = 1 − 14m+2 , C¯7 is defined as in lemma 5.3 (by choosing k = 12 and
p = 2m+2. Let t0 ∈ [0, 1) satisfies fdη(t0) = max[t0,1] fdη = D. Now, we only need
to prove the following claim.
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Claim For all t ∈ [t0, 1], we have
‖ϕ˜t‖
C
2, 1
2
<
1
2
.(5.38)
We assume the contrary. Since ϕ˜1 = 0, there exists t1 ∈ [t0, 1) such that
‖ϕ˜t1‖C2, 12 (dηSE) =
1
2
, and ‖ϕ˜t‖
C
2, 1
2 (dηSE)
<
1
2
if t1 < t < 1.(5.39)
In particular − 14dηSE ≤
√−1∂B∂Bϕ˜t ≤ 14dηSE , and then
3
4
dηSE ≤ dηϕt+ut ≤
5
4
dηSE(5.40)
for all t ∈ [t1, 1]. By applying (5.20) in lemma 5.3 (by choosing p = 2m + 2) and
(5.29), we have
‖hdηϕt+ut‖C0, 12 (dηSE) ≤ C¯7(1− t)
1−α(1 + ‖hdηϕt‖C0)α
≤ C¯7(1− t)1−α(1 + 2(1− t)(m+ 1)‖ϕt‖C0)α
≤ C¯7(m+ 1)α(1− t)1−α(1 + 2(1− t)‖ϕt‖C0)α
≤ C¯7(m+ 1)αD
= C¯7ǫ
2(C¯7+1)(C∗+1)(ǫ+1)
< ǫ,
(5.41)
for all t ∈ [t1, 1]. Using (5.37) again, we get
‖ϕ˜t1‖C2, 12 (dηSE) ≤ ‖hdηϕt+ut ‖C0, 12 (dηSE)
≤ C∗C¯7ǫ
2(C¯7+1)(C∗+1)(ǫ+1)
< 12 .
(5.42)
This gives a contradiction, and complete the proof of the claim. So, the proof of
the proposition is complete.
✷
6. A Moser-Trudinger type inequality
In this section, we assume the existence of a Sasakian-Einstein structure and
establish a Moser-Trudinger type inequality for functional FdηSE , our discussion
follow that in [26] by Phong, Song, Strum and Weinkove. In fact, we obtain the
following theorem.
Theorem 6.1. Let (M, ξ, ηSE ,ΦSE , gSE) be a compact Sasakian-Einstein
metric without non trivial Hamiltonian holomorphic vector field, then there exist
uniform positive constants C1, C2 depending only the geometry of (M, gSE), such
that
FdηSE (ϕ) ≥ C1JdηSE(ϕ) − C2,(6.1)
for all ϕ ∈ H(ξ, ηSE ,ΦSE , gSE).
Proof. Fix a basic function φ ∈ H(ξ, ηE ,ΦSE, gSE), and set dη = dηSE +√−1∂B ∂¯Bφ. Now, let us consider the complex Monge-Ampe`re equation (1.6). Since
there are no nontrivial Hamiltonian holomorphic vector fields, by the uniqueness
of Sasakian-Einstein structure ([28] or [25]) and proposition 4.1, a unique solution
ϕt exists for all t ∈ (0, 1], and dηϕ1 = dηSE . In particular ϕ1 and −φ differ by a
constant.
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For further consideration, we give the following estimates for functionals F , I
and J . From (3.1), (3.4) and (4.10), we have
d
ds
(Idη − Jdη)(ϕs) = − dds ( 1V
∫
M
ϕs(dηϕs)
m ∧ η) + 1
V
∫
M
ϕ˙s(dη)
m ∧ η
− 1
V
∫
M
ϕ˙s{(dη)m − (dηϕs)m} ∧ η
= − d
ds
( 1
V
∫
M
ϕs(dηϕs)
m ∧ η) + 1
V
∫
M
ϕ˙s(dηϕs)
m ∧ η
= − d
ds
( 1
V
∫
M
ϕs(dηϕs)
m ∧ η)− 1
sV
∫
M
ϕs(dηϕs)
m ∧ η.
(6.2)
The uniform C0 estimate (4.9) of ϕt implies that
s
1
V
∫
M
ϕs(dηϕs)
m ∧ η → 0(6.3)
as s→ 0. By integrating on [0, t], we get
t(Idη − Jdη)(ϕt)−
∫ t
0
(Idη − Jdη)(ϕs)ds
=
∫ t
0
s d
ds
(Idη − Jdη)(ϕs)ds
= − ∫ t
0
s d
ds
( 1
V
∫
M
ϕs(dηϕs)
m ∧ η)ds− 1
V
∫ t
0
(
∫
M
ϕs(dηϕs)
m ∧ η)ds
= − t
V
∫
M
ϕt(dηϕt)
m ∧ η,
(6.4)
and then
F 0dη(ϕt) = −(Idη − Jdη)(ϕt)− 1V
∫
M
ϕt(dηϕt)
m ∧ η
= −1
t
∫ t
0
(Idη − Jdη)(ϕs)ds.(6.5)
Taking t = 1 and considering Fdη(ϕ1) = −FdηSE (φ), so that
FdηSE (φ) =
∫ 1
0
(Idη − Jdη)(ϕs)ds.(6.6)
By the definitions (3.1) and the cocycle property of F 0dη, we have
Jdη(ϕ1)− Jdη(ϕt) = 1V
∫
M
(ϕ1 − ϕt)(dη)m ∧ η + F 0dη(ϕ1)− F 0dη(ϕt)
= 1
V
∫
M
(ϕ1 − ϕt)(dη)m ∧ η − F 0dηϕ1 (ϕt − ϕ1)
≤ 1
V
∫
M
(ϕ1 − ϕt)(dη)m ∧ η + 1V
∫
M
(ϕt − ϕ1)(dηϕ1)m ∧ η)
≤ Osc(ϕ1 − ϕt).
(6.7)
By adding
Idη(ϕt)− Idη(ϕ1)
= 1
V
∫
M
(ϕt − ϕ1)(dη)m ∧ η + 1V
∫
M
(ϕ1 − ϕt)(dηmϕ1) ∧ η
+ 1
V
∫
M
ϕt{(dηϕ1)m − (dηϕt)m} ∧ η,
we get
(Idη − Jdη)(ϕt)− (Idη − Jdη)(ϕ1)
= Jdη(ϕ1)− Jdη(ϕt) + (Idη(ϕt)− Idη(ϕ1))
≤ 1
V
∫
M
ϕt{(ωϕ1)m − (ωϕt)m}
= 1
V
∫
M
ϕt(dηϕ1 − dηϕt) ∧ (
∑m−1
j=0 dη
j
ϕt
∧ dη(m−1−j)ϕ1 ) ∧ η
= 1
V
∫
M
(ϕ1 − ϕt)(dηϕt − dη) ∧ (
∑m−1
j=0 dη
j
ϕt
∧ dη(m−1−j)ϕ1 ) ∧ η
≤ mOsc(ϕ1 − ϕt).
(6.8)
Interchanging ϕt and ϕ1 in (6.7) and (6.8), we get
|Jdη(ϕ1)− Jdη(ϕt)| ≤ Osc(ϕ1 − ϕt)(6.9)
and
|(Idη − Jdη)(ϕt)− (Idη − Jdη)(ϕ1)| ≤ m · Osc(ϕ1 − ϕt).(6.10)
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Using the relationship Fdη(ϕ1) = −FdηSE(φ), we have
Jdη(ϕ1) = Fdη(ϕ1) +
1
V
∫
M
ϕ1(dη)
m ∧ η
= −FdηSE(φ) + 1V
∫
M
ϕ1(dη)
m ∧ η
= −JdηSE(φ) + 1V
∫
M
φ{(dηSE)m − (dη)m ∧ η}
= (IdηSE − JdηSE)(φ) ≥ 1mJdηSE (φ),
(6.11)
where we have used the inequality (3.8). Since (Idη − Jdη)(ϕt) is nondecreasing in
t, (6.6) implies that
FdηSE (φ) ≥ (1 − t)(Idη − Jdη)(ϕt)ds ≥
1− t
m
Jdη(ϕt),(6.12)
using (6.11) and (6.7), we have
FdηSE (φ) ≥
1− t
m2
JdηSE (φ)−
1− t
m
Osc(ϕt − ϕ1).(6.13)
In the following, we choose t0 as that in proposition 5.4. If 2(1− t0)‖ϕt0‖C0 ≤ 1,
by the definition of t0 , we have D ≤ (1 − t0)1−α2α, i.e.
(1 − t0) ≥ 2− α1−αD 11−α .(6.14)
If 2(1− t0)‖ϕt0‖C0 ≥ 1, we have D ≤ 4α(1 − t0)‖ϕt‖αC0 , then
(1− t0) ≥ D
4α‖ϕt0‖αC0
.(6.15)
On the second case, we may assume that 1− t0 < A−12 , the inequality implies that
‖ϕt0‖C0 ≤ 2‖ϕ1‖C0 + 2,(6.16)
then
(1− t0) ≥ D
4α(2‖ϕ1‖C0 + 2)α
.(6.17)
Since supϕ1 · inf ϕ1 ≤ 0, we always have the following inequality
(1− t0) ≥ C′(‖ϕ1‖C0+1)α
≥ C′(Osc(ϕ1)+1)α ,
= C
′
(Osc(φ)+1)α ,
(6.18)
where C′ is a positive constant depending only on (M, gSE). On the other hand,
using proposition 5.4 again, we have
(1− t0)‖ϕ1 − ϕt0‖C0 ≤ (1− t0)2A‖ϕt0‖C0 + 1
≤ AD 1α + 1.(6.19)
By inequalities (6.13), (6.18) and (6.19), we obtain
FdηSE (φ) ≥ C˜1
JdηSE(φ)
(Osc(φ) + 1)α
− C˜2,(6.20)
for all φ ∈ H(ξ, ηSE ,ΦSE , gSE), where C˜1 and C˜2 are positive constants depending
only on the geometry of (M, gSE).
Since ϕt−ϕ1 ∈ H(ξ, ηSE ,ΦSE , gSE) and ρTdηt ≥ t(m+1)dηt, we can use corollary
2.8 to obtain the following estimate
Osc(ϕt − ϕ1) ≤ IdηSE (ϕt − ϕ1) + C¯(M, gSE),(6.21)
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for t ∈ [ 12 , 1], where C¯(M, gSE) is a constant depending only on (M, gSE). By (6.20)
and (6.21), we have
FdηSE (ϕt − ϕ1) ≥ C˜3
JdηSE(ϕt − ϕ1)
(JdηSE (ϕt − ϕ1) + 1)α
− C˜2,(6.22)
for t ∈ [ 12 , 1], where C˜3 is a constant depending only on (M, gSE).
By the cocycle property of the functional F , formulas (6.4), (6.5), (4.6), nonde-
creasing of (Idη − Jdη)(ϕt) and the concavity of the log function, we have
FdηSE (ϕt − ϕ1) = Fdη(ϕt)− Fdη(ϕ1)
= −1
t
∫ t
0 (Idη − Jdη)(ϕs)ds+
∫ 1
0 (Idη − Jdη)(ϕs)ds
− 1
m+1 log{ 1V
∫
M
e(t−1)(m+1)ϕt(dηϕt)
m ∧ η}
≤ t−1
t
∫ t
0 (Idη − Jdη)(ϕs)ds+
∫ 1
t
(Idη − Jdη)(ϕs)ds
+ (1−t)
V
∫
M
ϕt(dηϕt)
m ∧ η
=
∫ 1
t
(Idη − Jdη)(ϕs)ds− (1 − t)(Idη − Jdη)(ϕt)
≤ (1 − t){(Idη − Jdη)(ϕ1)− (Idη − Jdη)(ϕt)}
≤ m(1− t)Osc(ϕ1 − ϕt)
≤ m(1− t){IdηSE (ϕt − ϕ1) + C1(m)t + C2}
≤ m(1− t){(m+ 1)JdηSE(ϕt − ϕ1) + C1(m)t + C2}
(6.23)
By a same discussion in [26] (p1083), we know that (6.13), (6.21), (6.22) and
(6.23) imply the Moser-Trudinger inequality (6.1). We write out the proof in details
just for reader’s convenience.
Combining (6.22) with (6.23), we have
m(m+ 1)(1− t)J(t) + C˜4(1− t) ≥ C˜3 J(t)
(J(t) + 1)α
− C˜2,(6.24)
for t ∈ [ 12 , 1], where C˜4 is a constant depending only on (M, gSE). Here we denote
JdηSE(ϕt − ϕ1) by J(t) just for simplicity. (6.24) can also be written as
J(t)
(J(t) + 1)α
(C˜5 − (1− t)(J(t) + 1)α) ≤ C˜6(1 − t) + C˜7(6.25)
where C˜5, C˜6 and C˜7 are constants depending only on (M, gSE). We can suppose
that there exists a t′ ∈ [ 12 , 1] with
(1 − t′)(J(t′) + 1)α = 1
2
C˜5.(6.26)
If not then we must have (1− t)(J(t) + 1)α < 12 C˜5 for all t ∈ [ 12 , 1]. It would follow
that J(12 ) ≤ C˜
1
α
5 , then (6.13) and (6.21) imply (6.1). Otherwise, from (6.25) we
have that J(t′) ≤ C˜8 and 1− t′ ≥ C˜9, these also imply (6.1).
✷
Now, theorem 4.3 and theorem 6.1 imply the main theorem in the introduction.
7. A Miyaoka-Yau type inequality
Definition 7.1. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with
[dη]B =
2π
m+1c
B
1 (M,Fξ). As above, we define S(ξ, J¯) to the space of all Sasakian
structures which compatible with (ξ, η,Φ, g). Let’s define two positive constants by
α(ξ, J¯) := inf{λ | 0 ≤ STdη′ ≤ 2mλ for some (ξ, η,Φ, g) ∈ S(ξ, J¯)};
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and
β(ξ, J¯) := sup{λ | STdη′ ≥ 2mλ for some (ξ, η,Φ, g) ∈ S(ξ, J¯)}.
Remark: Since the mean value of transverse Scalar curvature S¯ = 2m(m+ 1)
for any Sasakian structure in S(ξ, J¯), it is easy to see that α(ξ, J¯) ≥ m + 1 and
0 < β(ξ, J¯) ≤ m + 1. Obviously, if there exists a Sasakian-Einstein structure in
S(ξ, J¯), then we have α(ξ, J¯) = m+ 1 = β(ξ, J¯).
Lemma 7.2. Let Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with
[dη]B =
2π
m+1c
B
1 (M,Fξ), and (ξ, η′,Φ′, g′) ∈ S(ξ, J¯). Then we have∫
M
(2π)2(2cB2 (M,Fξ)− mm+1cB1 (M,Fξ)2) ∧
( 1
2
dη′)m−2
(m−2)! ∧ η′
=
∫
M
|RmT |2 − 2(ST )2
m(m+1) − (m−1)(m+2)m(m+1) ((ST )2 − (2m(m+ 1))2)
( 1
2
dη′)m
m! ∧ η′,
(7.1)
where RmT and ST are the transverse curvature tensor and the transverse scalar
curvature of (ξ, η′,Φ′, g′).
Proof. By direct calculation, we have∫
M
(2π)2(2cB2 (M,Fξ)− mm+1cB1 (M,Fξ)2) ∧
( 1
2
dη′)m−2
(m−2)! ∧ η′
=
∫
M
{tr(RmT ∧RmT )− 1
m+1 trRm
T ∧ trRmT } ∧ ( 12dη
′)m−2
(m−2)! ∧ η′
=
∫
M
|RmT |2 − |ρT |2 + 1
m+1 ((S
T )2 − |ρT |2) ( 12dη
′)m
m! ∧ η′
=
∫
M
|RmT |2 − (ST )2 − m+2
m+1 (|ρT |2 − (ST )2)
( 1
2
dη′)m
m! ∧ η′.
(7.2)
On the other hand ∫
M
(ST )2 − |ρT |2 ( 12dη
′)m
m! ∧ η′
=
∫
M
ρT ∧ ρT ( 12 dη
′)m−2
(m−2)! ∧ η′
=
∫
M
4m(m− 1)(m+ 1)2 ( 12dη
′)m
m! ∧ η′.
(7.3)
Combining the above two equalities, we get (7.1).
✷
In locally foliation chart (x, z1, · · · , zm), setting
Qij¯kl¯ = R
T
ij¯kl¯
− S
T
m(m+ 1)
(gTij¯g
T
kl¯
+ gT
il¯
gTkj¯).(7.4)
It is easy to check that
|Q|2 = |RmT |2 − 2(S
T )2
m(m+ 1)
.(7.5)
Combining (7.1) and (7.5), we have
∫
M
(2π)2(2cB2 (M,Fξ)− mm+1cB1 (M,Fξ)2) ∧
( 1
2
dη′)m−2
(m−2)! ∧ η′
≥ ∫
M
− (m−1)(m+2)
m(m+1) ((S
T )2 − (2m(m+ 1))2) ( 12dη′)m
m! ∧ η′.
(7.6)
Let’s recall the Calabi functional on the space S(ξ, J¯), which was introduce by
Boyer, Galicki and Simanca in [11],
Cal(ξ, η′,Φ′, g′) = ∫
M
(STdη′ − 2m(m+ 1))2(dη′)m ∧ η′
=
∫
M
(STdη′)
2 − (2m(m+ 1))2(dη′)m ∧ η′.(7.7)
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If infS(ξ,J¯) Cal = 0, for arbitrary ǫ > 0, we have a Sasakian structure (ξ, η′,Φ′, g′) ∈
S(ξ, J¯) such that Cal(ξ, η′,Φ′, g′) ≤ ǫ. Then, by (7.6), we have∫
M
(2π)2(2cB2 (M,Fξ)− mm+1cB1 (M,Fξ)2) ∧
( 1
2
dη′)m−2
(m−2)! ∧ η′
≥ − (m−1)(m+2)
m(m+1) ǫ.
(7.8)
Since ǫ is arbitrary, (7.8) implies the following theorem.
Theorem 7.3. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ). If infS(ξ,J¯) Cal = 0, then we have the following Miyaoka-Yau type
inequality ∫
M
(2cB2 (M,Fξ)−
m
m+ 1
cB1 (M,Fξ)2) ∧ (dη)m−2 ∧ η ≥ 0.(7.9)
On the other hand, if α(ξ, J¯) = m + 1, for arbitrary ǫ > 0, we have a Sasakian
structure (ξ, η′,Φ′, g′) ∈ S(ξ, J¯) such that 0 ≤ ST ≤ 2m(m+ 1 + ǫ). By (7.7), we
have
Cal(ξ, η′,Φ′, g′) ≤ 2(2m)2(m+ 1)ǫ+ (2m)2ǫ2.(7.10)
Then, we have the following corollary.
Corollary 7.4. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ). If α(ξ, J¯) = m+ 1, then infS(ξ,J¯) Cal = 0. In particulary, we also
have the Miyaoka-Yau type inequality (7.9).
As that in [3], we have the following proposition.
Proposition 7.5. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with
[dη]B =
2π
m+1c
B
1 (M,Fξ). If the K energy functional Vdη is bounded below on
the space H(ξ, η,Φ, g), then, for arbitrary ǫ > 0, M admits a Sasakian structure
(ξ, η′,Φ′, g′) compatible with (ξ, η,Φ, g) such that |STdη′ − 2m(m+ 1)| ≤ ǫ. In par-
ticularly, α(ξ, J¯) = m+ 1 = β(ξ, J¯).
Proof. By proposition 4.4, there exists a smooth family of solution {ϕt} of
(1.6) for t ∈ (0, 1). Let f(t) = (1 − t)(Idη − Jdη)(ϕt), by (4.17), we have
d
dt
f(t) + (1− t)−1f(t) = −1
2(m+ 1)
d
dt
Vdη(ϕt).(7.11)
Since Vdη is bounded below, the above equality implies that there exists a sequence
ti → 1 such that f(ti)→ 0 as i→ +∞. From (4.6) and (3.8), we have
‖hdηt‖C0 ≤ Osc(hdηt) = (1− t)Osc(ϕt)
≤ (1− t)((m+ 1)(Idη − Jdη)(ϕt) + C1(m)t + C2).
(7.12)
So, there exists a sequence ti → 1 such that ‖hdηti‖C0 → 0 as i → +∞. On the
other hand, considering
ρTdηt = t(m+ 1)dηt + (m+ 1)(1− t)dη ≥ t(m+ 1)dηt,(7.13)
for arbitrary ǫ > 0, we get a Sasakian structure (ξ, η˜, Φ˜, g˜) ∈ S(ξ, J¯) such that
STdη˜ − 2m(m+ 1) ≥ −ǫ and ‖hdη˜‖C0 < ǫ.
Let’s consider the Sasakian-Ricci flow (5.1) with the initial data dη˜0 = dη˜. Since
the initial hdη˜0 satisfies ‖hdη˜0‖C0 < ǫ and △0hdη˜0 ≥ −2ǫ, by lemma 5.1, we have
‖hdη˜s‖C0 < 4e2(m+1)ǫ, for s ∈ [0, 2];(7.14)
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sup
M
|dhdη˜s |2s < 8e4(m+1)ǫ2, for s ∈ [1, 2];(7.15)
and
△shdη˜s ≥ −2e2(m+1)ǫ, for s ∈ [0, 2].(7.16)
From (5.6) and (5.12), setting a = 14m , we have
( ∂
∂s
− 14△s)(|dhdη˜s |s + ǫa(s− 1)△shdη˜s)
≤ (m+ 1)(|dhdη˜s |s + ǫa(s− 1)△shdη˜s) + ǫa△shdη˜s
−(1 + ǫa(s− 1))|∂B ∂¯Bhdη˜s |2s
≤ (m+ 1)(|dhdη˜s |s + ǫa(s− 1)△shdη˜s) +△shdη˜s(ǫa− 1+ǫa(s−1)4m △shdη˜s)
(7.17)
where we have used the Cauchy-Schwarz inequality (12△sh) ≤ m|∂B ∂¯Bh|2s. Equiv-
alently, we have
( ∂
∂s
− 14△s){e1−s(|dhdη˜s |s + ǫa(s− 1)△shdη˜s)}
≤ e1−s△shdη˜s(ǫa− 1+ǫa(s−1)4m △shdη˜s).
(7.18)
Then, (7.18) implies that e1−s(|dhdη˜s |s + ǫa(s − 1)△shdη˜s) ≤ 16e4(m+1)ǫ2 for s ∈
[1, 2]. Otherwise at the point of [1, 2]×M where it fails to hold for the first time 1 <
t0 ≤ 2, we have e1−sǫa(s−1)△shdη˜s ≥ 8e4(m+1)ǫ2 and then△shdη˜s ≥ 32me4(m+1)ǫ.
But, from (7.18), we have △shdη˜s ≤ ǫ at the point, which is a contradiction. So,
we have
△shdη˜s ≤ 64me4m+5ǫ for s = 2,(7.19)
and then
|STdη˜s − 2m(m+ 1)| ≤ 32me4m+5ǫ for s = 2.(7.20)
✷
Corollary 7.6. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with [dη]B =
2π
m+1c
B
1 (M,Fξ). If the K energy functional Vdη is bounded below on the space
H(ξ, η,Φ, g), then we have the Miyaoka-Yau type inequality (7.9).
As an application of theorem 4.3 and lemma 7.2, we have the following proposi-
tion.
Proposition 7.7. Let (M, ξ, η,Φ, g) be a compact Sasakian manifold with
[dη]B =
2π
m+1c
B
1 (M,Fξ) and∫
M
(2cB2 (M,Fξ)−
m
m+ 1
cB1 (M,Fξ)2) ∧
(12dη)
m−2
(m− 2)! ∧ η = 0.(7.21)
If Fdη (or Vdη) is proper in the space H(ξ, η,Φ, g), then there must exists a Sasakian
metric (ξ, η′,Φ′, g′) ∈ S(ξ, J¯) with constant curvature 1. Furthermore, if M is
simply connected, then (M, g′) is isometric to a unit sphere.
Proof. By theorem 4.3, there exists a Sasakian-Einstein (ξ, η′,Φ′, g′) ∈ S(ξ, J¯).
By lemma 7.2, formula (7.5) and the condition (7.21), we have
Qij¯kl¯ = R
T
ij¯kl¯ − 2(gTij¯gTkl¯ + gTil¯gTkj¯),(7.22)
i.e. (ξ, η′,Φ′, g′) is of constant transverse holomorphic bisectional curvature. On
the other hand, using the relation (2.5) of the transverse curvature tensor and the
Riemann curvature tensor (or see proposition 7.2 in [31]), it is not hard to see that
the Riemannian manifold (M, g′) is of constant curvature 1. ✷
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